Abstract. We study the polynomial fibration induced by the equation of the Klein surfaces obtained as quotient of finite linear groups of automorphisms of the plane; this surfaces are of type A, D, E, corresponding to their singularities.
Introduction
Taking any finite subgroup G ⊂ SL(2, C) acting on C 2 , the quotient is a surface in C 3 given by one of the following polynomials: a n (x, y, z) = x n − yz, n ≥ 2 d n (x, y, z) = x n−1 + xy 2 + z 2 , n ≥ 4 e 6 (x, y, z) = x 4 + y 3 + z 2 , e 7 (x, y, z) = x 3 y + y 3 + z 2 , e 8 (x, y, z) = x 5 + y 3 + z 2 .
The surfaces obtained here are often called Klein surfaces, which have one singularity at the origin, of type A, D, E, and all such singularities are obtained by this process. There is a classical relation between the Dynkin diagram obtain from the resolution of singularities and the one given by the representation theory of G (see for example [Rei02] and its references).
If f ∈ C[x, y, z] is any of the polynomials above, the map F : C 3 → C given by (x, y, z) → f (x, y, z) is a morphism of algebraic varieties. The fibre f t of t = 0 is a smooth hypersurface of C 3 , whereas the fibre f 0 of 0 is the quotient surface described before. One can then see F as a deformation of the singularity.
In this article, we are interested in the question of the rationality of the generic fibre of F , asked to us by J. Alev. Even if the general fibres of F is rational, the generic fibre is not rational, except in the trivial case of a n . Theorem 1. Let f ∈ C[x, y, z] be equal to one of the polynomials a n , d n , e 6 , e 7 or e 8 above. The following are equivalent:
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(1) The field extension C(x, y, z)/C(f ) is rational, i.e. there exists exist g, h ∈ C(x, y, z) such that C(x, y, z) = C(f, g, h); (2) The polynomial f is equal to a n (for some n ≥ 2).
Remark 1.1. The implication (2) ⇒ (1) is easy, by taking g = x and h = y for instance. Although the case A n is trivial for the result of the theorem, we will apply our strategy of proof to it, in order to see its difference with the other cases from the geometric point of view.
To prove Theorem 1, we will provide a natural compactification of the generic fibre of the the polynomial map F : C 3 → C, obtaining a minimal surface defined over C(t), whose root system is exactly of type A n , D n , E 6 , E 7 or E 8 . The surface, minimal over C(t), will be minimal over C(t) only in the case A n , and will be rational only in this case too. The technique only involves simple classical tools of birational geometry, with some little tricks. We will moreover find the minimal extension of C(t) which makes the extension rational:
Theorem 2. Let f ∈ C[x, y, z] be equal to one of the polynomials d n , e 6 , e 7 or e 8 above. There exists a number a ∈ N depending only on f such that:
For any field extension K of C(f ), the extension K(x, y, z)/K is rational if and only if K contains a a-th root of f .
Moreover, a is equal to 12, 18, 30 if f = e 6 , e 7 , e 8 and is the highest power of 2 that divides 2(n − 1) if f = d n .
Remark 1.2. 1) The dimensions of the minimal field extensions above are the Coxeter number of the Weyl groups E 6 , E 7 , E 8 . For D n , the Coxeter number is 2(n − 1) and here we only find the highest power of 2 that divides this number.
2) The fact that the extraction of roots t give rational surfaces can be checked directly by looking at the equations, and doing change of variables of the type x = u a X, y = u b Y , z = u c Z, t = u d . The d needed so that the equation get rid of u, t is exactly the one given by the Theorem 2.
This result is the same as the result on the Gelfand-Kirillov conjecture for simply laced simple Lie algebras established by A. Premet [Pre10] : among the ADE types, it is true if and only if we are in type A. This was the origin of J. Alev's question and might be the starting point of an alternative proof of Premet's result via the structure of transverse slices. Theorems 1 and 2 could also yield a way to prove that the Gelfand-Kirillov conjecture does not hold for finite W-algebras of type D, E (although it is true in type A, as proved in [FMO10] ).
Note that the question is also related to the question of rational variables of C 3 . A rational function f ∈ C(x, y, z) is a rational variable if there exists g, h ∈ C(x, y, z) such that C(f, g, h) = C(x, y, z). The notion of variable is related to the understanding of the Cremona group Aut C (C(x, y, z)) = Bir(C 3 ). A necessary condition to be a variable is that the general fibres of f : C 3 C are rational. Theorem 1 shows that this condition is not sufficient.
Another question related to the Klein surfaces corresponds to describing the automorphisms group of these surfaces viewed as affine algebraic surfaces.
The group of automorphisms of the surface of type a n has obviously infinite dimension, since it contains the group
It is in fact an amalgamated free product [BlDu11, Theorem 5.4.5].
In all other cases, we will prove that only linear automorphisms are possible (see Corollaries 4.2 and 4.5), and obtain the following result:
Theorem 3. Let f ∈ C[x, y, z] be equal to one of the polynomials a n , d n , e 6 , e 7 or e 8 above. The following are equivalent:
(1) Every automorphism of the Klein surface
extends to a linear automorphism of C 3 ; (2) The group of automorphisms of the Klein surface S f has finite dimension; (3) The polynomial f is equal to e 6 , e 7 , e 8 or d n (for some n ≥ 4).
Each of the automorphisms of S f is moreover diagonal if f = e 6 , e 7 , e 8 or d n for
We find once again a significative difference between the case A and the cases D, E.
I thank Jacques Alev for asking me the above questions and for interesting discussions on the subject. Thanks also to Alexander Premet for some corrections on an earlier version of the paper.
Rewriting of the problem of rationality
Recall that a rational map between algebraic varieties is a map which is locally defined by quotient of polynomials. These "rational maps" are not really maps because they are defined only on the open dense subset where the local quotients are determined A rational map is said to be a morphism if this domain is the whole variety, i.e. if the map is defined at every point. The rational map is birational if it admits an inverse, which is rational.
We want to study the map F : C 3 → C from the geometric and algebraic point of view. Algebraically, we will show that the extension C(x, y, z)/C(f ) is rational only in the case of A n , whereas C(x, y, z)/C and C(f )/C are rational extenstions. Geometrically, F induces a morphism from a rational 3-fold to a rational curve; we will show that the fibre of any (closed) point is a rational surface (i.e. for any t ∈ C the complex surface {(x, y, z) ∈ C 3 | f (x, y, z) = t} is birational to P 2 C ), whereas the generic fibre is rational only in the case of A n (i.e. the surface {(x, y, z) ∈ C(t) 3 | f (x, y, z) = t} defined over C(t) is birational to P 2 C(t) only in the case A n ).
Note that this situation is impossible in lower dimension. Indeed, for any rational map η : C 2 C having a general fibre which is rational, the generic fibre is rational, by Tsen Theorem.
Compactifications and rationality of them
We will compactify the generic fibre of F in order to use tools of projective geometry to show when it is rational or not.
Recall that any algebraic surface, over any perfect field k, is birational to a smooth projective surface X. One can moreover choose X to be minimal. A projective smooth surface X defined over k is said to be minimal if any birational morphism X → Y , where Y is another smooth algebraic surface, is an isomorphism. Let us say that a contractible curve on X is a curve C ⊂ X defined over k, which is irreducible over k and which decomposes over the algebraic closurek of k into a set of disjoint (−1)-curves (curves isomorphic to P 1 k and of self-intersection −1). Since any birational morphism between smooth projective surfaces is a sequence of isomorphisms and contractions of contractible curves, the surface X is minimal if and only if it does not contain contractible curves.
Recall the following classification of minimal geometrically rational surfaces (here Pic(S) denotes the Picard group of S, which corresponds to the group of divisors modulo linear equivalence, and K S is the canonical divisor): [Isk79] ). Let S be a projective smooth surface defined over a perfect field k. If the surface S is rational over k and minimal over k, one of the following occurs:
(1) Pic(S) ∼ = Z and S is a del Pezzo surface (which means that −K S is an ample divisor); (2) Pic(S) ∼ = Z 2 , and S admits a conic bundle π : S → C, where C is a smooth rational curve of genus 0 (isomorphic to P 1 over k).
We divide our study in two, corresponding to the two cases of Proposition 3.1, which will be investigated in §3.1 and §3.2 respectively.
3.1. del Pezzo case. Recall that a del Pezzo surface is a smooth projective surface S with −K S ample. It has a degree, which is (K S ) 2 ∈ {1, 2, . . . , 9}. Over an algebraically closed field, S is isomorphic to P 2 , P 1 × P 1 or to the blowup of 1 ≤ r ≤ 8 points of P 2 in general position (no 3 collinear, no 6 on the same conic, no 8 on the same cubic being singular at one of the 8 points); the degree is then 9 − r. For more details, see for instance [Dem77] or [Bea96] .
If S is the blow-up of p 1 , . . . , p r ∈ P 2 , the Picard group of S is generated by e 0 , e 1 , . . . , e r , where e 0 is the pull-back of a line of P 2 and e i is the exceptional curve contracted on p i . The intersection form is of type (1, −1, . . . , −1) (i.e. (e 0 ) 2 = 1, (e i ) 2 = −1 for i ≥ 1 and e i · e j = 0 if i = j). We associate to this a root system: e 0 − e 1 − e 2 − e 3 , e 1 − e 2 , e 2 − e 3 , . . . , e r−1 − e r All this roots have self-intersection −2, and the intersection form between them is given by the following diagram, which is of type E 6 , E 7 , E 8 if r = 6, 7, 8: Recall what are the classical canonical embeddings of del Pezzo surfaces of degree ≤ 3 (see for instance [Kol96] , Theorem III.3.5).
If S is a del Pezzo surface S of degree 3 over any field, the anticanonical system |−K S | yields an isomorphism of S with a smooth cubic in P 3 . Moreover, all smooth cubics are obtained by this way.
If S is a del Pezzo surface of degree 2 over any field, the anticanonical system | − K S | gives a double covering of P 2 ramified over a smooth quartic, and all smooth quartics are obtained by this way. We can then embedd S into a weighted projective space P(1, 1, 1, 2), obtaining an equation of degree 4. Moreover, the linear system | − mK S | is given by the trace of the system of hypersurfaces of degree m of P(1, 1, 1, 2).
If S is a del Pezzo surface of degree 1 over any field, the anticanonical system | − K S | yields an elliptic fibration S → P 1 and | − 2K S | gives a double covering of a quadric cone in P 3 . We can then embedd S into a weighted projective space P(1, 1, 2, 3), obtaining an equation of degree 6. Moreover, the linear system |−mK S | is given by the trace of the system of hypersurfaces of degree m of P(1, 1, 2, 3).
Note that (−1)-curves on a cubic surface correspond to the 27 lines of the surfaces, which are maybe not all defined over the base-field. On a del Pezzo surface of degree 2, the 56 (−1)-curves corresponds to the 28 bitangents of the quartic, which gives members of | − K S | decomposing into two curves. Note that here we call a bitangent a curve being tangent twice at the points or intersecting the curve at only one point. On a del Pezzo surface of degree 1, the 240 (−1)-curves corresponds to the member of | − 2K S | which decompose into two curves.
In cases E 6 , E 7 , E 8 , we compactify the generic fibre of F : C 3 → C into a minimal del Pezzo surface of degree 3, 2, 1. These are the following:
which is a del Pezzo surface of degree 1. The morphism
is an elliptic fibration, and the morphism S 8 → P(1, 1, 2) C(t) given by
is a double covering.
Case E 7 -The compactification is
which is a del Pezzo surface of degree 2. The morphism
is a double covering ramified over the smooth quartic tW
Case E 6 -The first simple compactification is
which is a del Pezzo surface of degree 2. But the surface is not minimal, it contains two (−1)-curve defined over C(t), which are W = 0, Z = ±iX 2 . Note that the
contracts the curve W = 0, Z = iX 2 onto (0 : 0 : 0 : 1). The image is the smooth cubic
and the map S ′ 6 → S 6 is the blow-up of (0 : 0 : 0 : 1).
In order to decide when S 6 , S 7 , S 8 are rational over C(t) or a finite extension, we will use the following classical result, which is the culmination of several results of V. Iskovskikh and Yu. Manin: Proposition 3.2. Let k be a perfect field and let S be a del Pezzo surface of degree d, defined over k. If S is minimal (over k) and d ≤ 4, then S is not rational (over k).
Proof. If S was rational, there would be a birational map S P 2 ≤ 4 gives a surface X ′ with (K X ′ ) 2 ≤ 4. This shows that no sequence of links starting from S can go to P 2 , and achieves the proof.
We now prove that S 6 , S 7 , S 8 are minimal over C(t), which implies that these surfaces are not rational by Proposition 3.2. We also study the minimal extension which makes the surface becoming rational.
Proposition 3.3. Let K be a finite extension of the field C(t). The surface S 6 is rational over K if and only if K contains an element ρ with ρ 12 = t. In particular, S 6 is not rational over C(t) and the minimal extension of C(t) that makes S 6 rational is C( 12 √ t), which has degree 12 over C(t).
Proof. The surface S 6 is a smooth cubic surface in P 3 ; it contains thus exactly 27 lines defined over C(t), which are the 27 (−1)-curves on S 6 . Recall that S 6 has equation
One checks that the three lines L 1 , L 2 , L 3 of equation
where α ∈ C(t) is a third root of t, are contained in S 6 . The other 24 lines of S 6 are the lines L µ given by
where µ ∈ C(t) satisfies µ 12 = 1 27 (−5 ± 26 9 √ 3)t. If K contains an element ρ with ρ 12 = t, all 27 lines of S 6 are defined over K, which implies that S 6 is rational over K (take 6 disjoint lines and contract them to obtain P 2 ).
Assume now that K does not contain any 12-th root of t and let us prove that S 6 is not rational over K. Any µ ∈ C(t) satisfying µ 12 = 1 27 (−5 ± 26 9 √ 3)t is conjugate over K to ξµ where where ξ is a primitive second or third root of unity. The lines L µ and L ξµ are thus conjugate by an element of the Galois group Gal(C(t)/K). One checks that L µ and L ξµ intersect, which implies that no one of the 24 curves L µ belongs to a contractible curve (defined over K).
If one third root of t is contained in K, the three lines L 1 , L 2 , L 3 are defined over K but intersect each other at the point (0 : 1 : 0 : 0). After contracting one of the three curves, the del Pezzo surface of degree 4 that we obtain does not contain any contractible curve defined over K and thus is minimal over K. It is therefore not rational by Proposition 3.2.
If no third root of t is contained in K, the surface S 6 is minimal over K and also not rational by Proposition 3.2.
Proposition 3.4. Let K be a finite extension of the field C(t). The surface S 7 is rational over K if and only if K contains an element ρ with ρ 18 = t. In particular, S 7 is not rational over C(t) and the minimal extension of C(t) that makes S 7 rational is C(
, and has degree 18 over C(t).
Proof. Recall that S 7 has equation tW
. Since S 7 is a del Pezzo surface of degree 2, it has 56 (−1)-curves defined over C(t), corresponding to the 28 bitangents of the quartic of P 2 given by
Recall that classically a bitangent is a curve tangent at two points, but we will allow the case where these two points coincide, and call this "undulatory tangent" again a bitangent. With this definition, every smooth quartic has exactly 28 bitangents. We now compute the 28 bitangents and the 56 corresponding (−1)-curves. One checks that all lines of the form aW + bX = 0 are not bitangent to the quartic, which implies that all bitangents are given by
, and all (−1)-curves are obtained like this. Writing Equation (1) as
every coefficient has to be zero. The last two coefficients yield b = −e 2 and a = −2ed + e 6 . If e = 0, one finds a = b = d = 0 and c 2 = t, which yields two
We can now assume that e = 0 to find the remaining solutions. The third coefficient yields c = − t is a root of the polynomial
which has three distinct roots in C, all being real. If K contains an element ρ with ρ 18 = t, all 56 (−1)-curves of S 7 are defined over K, which implies that S 7 is rational over K (take 7 disjoint lines and contract them to obtain P 2 ). Assume now that K does not contain any 18-th root of t and let us prove that S 7 is not rational over K. Any µ ∈ C(t) satisfying that √ t does not belong to K, S 7 is minimal, and otherwise we can contract one of the two (−1)-curves to obtain a minimal del Pezzo surface of degree 3. In each case S 7 is not rational over K.
Proposition 3.5. Let K be a finite extension of the field C(t). The surface S 8 is rational over K if and only if K contains an element ρ with ρ 30 = t. In particular, S 8 is not rational over C(t) and the minimal extension of C(t) that makes S 8 rational is C( 30 √ t), and has degree 30 over C(t).
Proof. Recall that S 8 has equation 1, 2, 3 ). Since S 8 is a del Pezzo surface of degree 2, it has 240 (−1)-curves defined over C(t). Similarly as in the case of S 7 , these correspond to the hyperplane sections of P(1, 1, 2) that cut into two pieces. More precisely, these are the curves of equation
Replacing the value of a in the coefficients of X 2 W 4 and XW 5 one sees that these are zero if and only if one of the following two polynomials vanishes:
For each of the polynomials, one performs successive polynomial divisions between P i and the coefficient of W 6 (which has degree 9 in b) to obtain a polynomial of degree 1 in b and obtain then b in terms of µ. One gets respectively b = So µ 30 t is root of one of the polynomials
which have both 4 distinct roots in C, all being real. This yields the 240 (−1)-curves of the surface S 8 . If K contains an element ρ with ρ 30 = t, all 240 (−1)-curves of S 8 are defined over K, which implies that S 8 is rational over K (take 8 disjoint lines and contract them to obtain P 2 ). Assume now that K does not contain any 30-th root of t and let us prove that S 8 is not rational over K. Any µ ∈ C(t) satisfying that µ 30 t is a root of one of the two polynomials Q 1 , Q 2 is conjugate over K to ξµ where ξ is a primitive second, third or fifth root of unity. The (−1)-curves L µ and L ξµ associated are thus conjugate by an element of the Galois group Gal(C(t)/K). As in the cases of S 6 , S 7 , let us see that the (−1)-curves L µ and L ξµ intersect. Remembering that L µ is given by In each case, the fact that L µ and L µξ intersect implies that no one of the 240 curves L µ belongs to a contractible curve (defined over K). The surface S 8 is therefore minimal over K and not rational by Proposition 3.2.
Conic bundle case. Note that the x-projection A
3 → A 1 restricted to the cases A n and D n gives a fibration where a general fibre is an affine conic. We will extend this and obtain a natural compactification as a conic bundle, so that any fibre is a projective conic, which can be smooth or the union of two transerval lines (in this case the fibre is a singular fibre, and only finitely many of them occur). We can then embedd this conic bundle over the affine line A 1 C(t) into a projective surface being a conic bundle over the projective line P 1 C(t) . We can therefore suppose that the conic bundle π : S → P 1 C(t) is minimal. Similary as for surface, a conic bundle (S, π) is minimal if any birational morphism ϕ : S → S ′ , where (S ′ , π ′ ) is another conic bundle satisfying π = π ′ • ϕ, is an isomorphism.
It follows from this definition that a conic bundle π : S → P 1 C(t) is minimal if and only if there is no contractible curve on S which is contained in a finite number of fibres. Indeed, any birational morphism between two conic bundles which is not a isomorphism contracts a finite number of contractible curves, all contained in a finite number of fibres.
Every smooth fibre is not contractible, but any component f 1 of a singular fibre f = f 1 ∪ f 2 is contractible over C(t); its orbit by the Galois group Gal(C(t)/C(t)) is then contractible if and only it does not contain the component f 2 .
In order to decide when the surface obtained is rational over C(t) or a finite extension, we will use the following classical result, which is the analogue of Proposition 3.2 for conic bundles.
Proposition 3.6. Let k be a perfect field and let S be a smooth projective surface that admits a conic bundle structure π : S → P 1 k . Suppose that (S, π) is minimal (over k) and that the number of singular fibres of π is d ≥ 0.
(1) If d ≤ 1 and if there exists a point p ∈ S defined over k then S is rational (over k).
(2) If d ≥ 4, then S is not rational (over k).
Proof. First assume that d ≤ 1 and that there exists a point p ∈ S defined over k. In fact, d = 0 is the only possibility because of the minimality of (S, π). The surface is a line bundle defined, so is equivalent over k to an Hirzebruch surface F n . The point p belongs to a fibre defined over k, which contains points that do not lie on the exceptional section. Blowing-up one of this point and contracting the transform of the fibre gives rise to a Hirzebruch surface F n−1 if n = 0 and F n+1 otherwise. By induction we can go to F 1 ; the unique exceptional section is then defined over k and we can contract it to go to P 2 , so S is rational. Suppose now that d ≥ 4, which implies that (K S ) 2 = 8 − d ≤ 4, and let us show that S is not rational. The proof is the same as in Proposition 3.2. If S was rational, there would be a birational map S P 2 ≤ 4 gives a surface X ′ with (K X ′ ) 2 ≤ 4. This shows that no sequence of links starting from S can go to P 2 , and achieves the proof.
Case A n -The generic fibre of F is the affine surface
defined over C(t), which naturally embeds into the quasi-projective surface
via the map (x, y, z) → (x, (1 : y : z)). The projection U → A 1 C(t) yields a conic bundle. Any general fibre is a smooth conic, and there are exactly n singular fibres over C(t), consisting of two intersecting lines, above the points x n = t. We can compactify U to a projective surface X defined over C(t) which has a conic bundle structure π : X → P 1 C(t) extending the conic bundle structure on U ; the singular fibres are then two (−1)-curves intersecting into one point.
The curve y = 0, x n = t is defined over C(t) and is thus contractible (it is the union of n (−1)-curves which belong to the same orbit of the Galois group of C(t)/C(t)). This leads to a projective conic bundle with at most one singular fibre, the fibre at infinity that we do not see on U . This one is rational by Proposition 3.6.
Case D n -The generic fibre of F is the affine surface
via the map (x, y, z) → (x, (1 : y : z)). As before, the projection U → A 1 C(t) yields a conic bundle. Any general fibre is a smooth conic, and there are exactly n singular fibres over C(t), consisting of two intersecting lines, above the points x = 0 and x n−1 = t. The difference with the case A n is that now that the singular fibres do not necessarily contain contractible curves, since there are component that are conjugate by the Galois group to curves that they touch. More precisely we have the following: Proposition 3.7. Let K be a finite extension of the field C(t), and let n ≥ 4. We write 2n − 2 = ab where a, b are integers, a is a power of two and b is odd. The surface U n is rational over K if and only if K contains an element ρ with ρ a = t. In particular, U n is not rational over C(t) and the minimal extension of C(t) that makes U n rational is C( a √ t), and has degree a over C(t).
Proof. We can again compactify U n → A 1 C(t) to a conic bundle X n → P 1 C(t) , adding only one curve which can be smooth or the union of two intersecting lines. We can moreover assume that this curve is irreducible over C(t), otherwise we contract one of the two components.
Let us study the different singular fibres (over C(t)). The fibre over x = 0 is the conic z 2 = tw 2 , which decomposes into the two lines z = ± √ tw. The fibres over x n−1 = t are n−1 singular fibres given by x n−1 = t, y 2 x+z 2 = 0. These decompose into 2n − 2 (−1)-curves corresponding to x = µ 2 , z = iyµ, where µ ∈ C(t) is a root of the polynomial Q(X) = X 2(n−1) − t. The last possible singular fibre is the fibre at infinity, that we do not see on U n . We will not need to study it.
Suppose first that there exists ρ ∈ K with ρ a = t. Since a ≥ 2 is even, each of the two components of the fibre x = 0 is defined over K. Denoting by ξ ∈ C a primitive a-th root of unity, the polynomial
The 2(n − 1) components of the singular fibres over non-zero fibres decompose then into an union of a curves C 1 , . . . , C a of b components, where C i is a curve define over K given by
. . , a. Note that C i is the union of b disjoint (−1)-curves, and that C i intersect C j if and only if i − j = ± a 2 . We can then contract the curves C 1 , C 2 , . . . , C a 2 and the curve x = 0, w = ρ a 2 w, to obtain a minimal conic bundle with zero or one singular fibres, which is rational by Proposition 3.6.
Suppose now that K does not contain any a-th root of t, and let us prove that U n is not rational over K. Since a is a power of 2, b is odd and Q(x) = x ab − t, any µ ∈ C(t) satisfying Q(µ) = 0 is conjugate over K to −ξ. This means that the (−1)-curve x = µ 2 , z = iyµ touches its conjugate x = µ 2 , z = −iyµ. Contracting the curves over x = 0 or at infinity if needed, we obtain a minimal conic bundle over K with at least n − 1 ≥ 3 singular fibres, and which is therefore not rational if n ≥ 5 by Proposition 3.6. It remains to study the case n = 4, which yields 2n − 2 = 6 = ab, so a = 2 and b = 3. The fact that K does not contain any a-root of t implies that the fibre over x = 0 does not contain any contractible curve, so we get a minimal conic bundle over K with at least 4 singular fibres, which is thus not rational by Proposition 3.6.
Automorphisms of Klein surfaces
In this section, we determine the automorphisms of the Klein surfaces given by the equation f = d n , e 6 , e 7 or e 8 in C 3 . Algebraically, it corresponds to the group of C-automorphisms of the ring C[x, y, z]/(f ). The symmetries of the equations yield obvious automorphisms, but there is a priori no reason that some complicated nonlinear automorphisms exist. We will show that this holds only in the case of a n , where the group of automorphisms is an amalgamated product, a result already known.
We will embedd the affine surface
into a normal projective surface X, such that any point of X\S f is a smooth point of X. Any automorphism of S corresponds to a birational map ϕ : X X which is biregular on the points of S f . If ϕ is not an automorphism of X, we denote by η : Z → X the blow-up of all base-points of ϕ (that may lie on X or being infinitely near). The map π : Z → X given by π = ϕη is a birational morphism, so we obtain the following commutative diagram
where η, π are blow-ups of points of X (or infinitely near) that do not belong to S f . The nature of the boundary B = X\S f will impose conditions on the diagram above. We first deal with the case e 6 , e 7 , e 8 , and then study d n .
4.1. Case e 6 , e 7 , e 8 . As in §3.1, if f = e 6 , e 7 , e 8 , the affine complex surface S f ⊂ C 3 embedds into a projective surface X contained in a weighted projective space. The surface X is a singular del Pezzo surface, smooth outside S f . We obtain the surface by replacing t with 0 in the surfaces S 6 , S 7 , S 8 of §3.1, and get the following complex surfaces (for e 6 , we take S ′ 6 instead of S 6 to keep more symmetry) :
Proposition 4.1. If f = e i for i ∈ {6, 7, 8}, any automorphism of S f extends to an automorphism of S i .
Proof. The projective surface X = S i is a singular del Pezzo surface of degree respectively 2, 2, 1. It can thus be obtained by blowing-up 7, 7, 8 points respectively in P 2 , obtaining a weak del Pezzo and by taking the plurianti-canonical morphism, which contracts the (−2)-curves onto the singular point (1 : 0 : 0 : 0). The Klein surface is the complement in S i of the curve B of equation W = 0, this latter curve being equivalent to the anti-canonical divisor; in particular B 2 is respectively 2, 2, 1. On S 6 , the curve B is the pull-back by the double covering S 6 → P 2 of a quadritangent to the quartic of ramification, so B is the union of two (−1)-curves intersecting into one point, but with multiplcity two. We can check that
On S 7 , the curve B is irreducible; it is a rational curve with one cuspidal point which is (0 : 0 : 1 : 0). Since the curve is anti-canonical, it has arithmetic genus 1 (comes from a cubic of P 2 ), so the point is a simple cusp of multiplicity 2. On S 8 , the curve B is once again a rational curve, with one cuspidal point of multiplicity 2.
Let us suppose the existence of an automorphism of S f that extends to a birational map ϕ : X X which is not an isomorphism. We obtain the diagram (3) as above. The first curve contracted by π is the strict transform of a component of B by η −1 , and is a (−1)-curve on Z.
In the case where i = 7, 8, the curve B has one component, which is singular and of self-intersection 2 or 1. Its strict transform on Z being smooth, the morphism η blows-up the singular point of B ⊂ S i . But the self-intersection of the strict transform is then ≤ −2, which yields a contradiction.
If i = 6, the curve B has two components that we write as before E 1 and E 2 . We can assume that the strict transform E 1 ⊂ Z of E 1 ⊂ X is the first curve contracted by π. Since E 1 is a (−1)-curve on S 6 , the morphism η does not blow-up any point of E 1 . In particular, the strict transform E 2 ⊂ Z of E 2 ⊂ X intersects again E 1 into a point with multiplicity 2. After contracting E 1 , the curve E 2 becomes singular, so we get a singular curve in the boundary of X = S 6 , which is impossible since B is the union of E 1 , E 2 , both smooth. 4.2. Case d n . In the case of d n , the projective normal surface X will be an hypersurface of a P 2 -bundle over P 1 . Using the notation of [Fre95] , the P 2 -bundle F a,b is P(O P 1 ⊕ O P 1 (a) ⊕ O P 1 (b)), and can be viewed as the glueing of U a,b,0 = P 2 × C and U a,b,∞ = P 2 × C along P 2 × C * , where the identification map is given by the involution ((w : y : z), x) ((w :
It is a generalisation of the construction of Hirzebruch surfaces. The P 2 -bundle is given by the map F a,b → P 1 corresponding to ((w : y : z), x) → (x : 1) in the first map and ((w : y : z), x) → (1 : x) in the second one.
If n = 2k, we take the
, and denote by D n the projective surface that restrict to the following surfaces on each chart:
In each case, we embedd the surface S dn in the first affine chart of D n , via the embedding (x, y, z) → ((1 : y : z), x)
of C 3 into P 2 × C, and see that (0, 0, 0) is sent onto the unique singular point of D n . The P 2 -bundle F k,k → P 1 or F k−1,k → P 1 restricts to a morphism ρ : D n → P 1 , which has general fibres isomorphic to a smooth conic (or to P 1 ), and which has two special fibres, namely the fibre of (1 : 0) which is the union of two transversal lines, and the fibre of (0 : 1), which is a double line passing through the singular point of D n . The complement of D n \S dn consists of the curve C n of equation w = 0 in each chart, and of the curve F of equation x = 0 in the second chart, corresponding to the fibre of (1 : 0). The curve F decomposes into two curves F + , F − of equation x = 0, w = ±iz if n is even and x = 0, w = ±iy if n is odd.
The precise description of the boundary D n \S dn = C n ∪ F + ∪ F − , given in Lemma 4.3 below, will yield the structure of the automorphisms of S dn .
Lemma 4.3. The complement of S dn in D n is the union of the three curves C n , F + , F − , all being isomorphic to P 1 . Any two of them intersect transversally, into exactly one point, which is
The situation on the surface Dn.
Curves in bold are the boundary Dn\S dn and curves in grey are fibres.
Proof. The only assertion which does not directly follow from the description above is the self-intersection of the curve C n .
As before, we choose k so that n ∈ {2k, 2k + 1}. Let D n ⊂ D n be the curve given by y = 0 on each chart. If n = 2k, the two curves D n and C n intersect at one point, being ((0 : 0 : 1), 0) ∈ U k−1,k1,∞ , with distinct tangent directions, so C n · D n = 1; if n = 2k + 1 the two curves are disjoint so D n · C n = 0. In both cases, we can say that C n · D n = 2k + 1 − n. We use the rational map g ∈ C(D n ) * given by w/y on the second chart and thus by w/(yx 1−k ) = wx k−1 /y on the first chart. The principal divisor associated is C n − D n + (k − 1)F 0 , where F 0 is the fibre of (0 : 1), linearly equivalent to F , the fibre of (1 : 0). Since C n · F = 2, we can compute
Proposition 4.4. For any n ≥ 4, any automorphism of S dn extends to an automorphism of D n .
Proof. Let us suppose the existence of an automorphism of S dn that extends to a birational map ϕ : D n D n which is not an isomorphism. We obtain the diagram (3), with some birational morphisms π : Z → X = D n and η : Z → X = D n such that πη −1 = ϕ. The first curve contracted by π is the strict transform by η −1 of a component of the boundary B and is a (−1)-curve on Z. The boundary B is equal to C ∪ F + , F − , which have self-intersection 3 − n, −1, −1 respectively (Lemma 4.3). In particular, the first curve contracted by π is the strict transform of F + or F − , say F + . Since F + has self-intersection −1 on X and its strict transform on Z also, the point of intersection of F + , F −1 and C is not blown-up by η. After contracting the strict transform of F + , the strict transforms of C n and F − become tangent and it is not possible to obtain the boundary F + , F − , C n after other contractions.
Corollary 4.5. For n ≥ 4, the group G = {(x, y, z) → (λ 2 x, ±λ n−2 y, ±λ n−1 z) | λ ∈ C * } ∼ = C * × Z/2Z acts on the Klein surface S dn = {(x, y, z) ∈ C 3 | x n−1 + xy 2 + z 2 }.
If n ≥ 5, Aut(S dn ) = G. If n = 4, Aut(S dn ) = G⋊ < τ >, where τ is the automorphism of order 3 given by τ : (x, y, z) → − 1 2 x + i 2 y, 3 2 ix − 1 2 y, z .
Proof. For n ≥ 4, any automorphism of the affine surface S dn extends to an automorphism of the projective surface D n (Proposition 4.4), which will therefore preserves the boundary D n \S dn = F + ∪ F − ∪ D n . Denote by G ⊂ Aut(D n ) the normal subgroup of automorphisms that preserves the conic bundle structure D n → P 1 , i.e. that sends any fibre on another fibre, and by G 0 ⊂ G the subgroup of automorphisms which acts trivially on the basis, i.e. which leaves any fibre invariant.
We first prove that G 0 ∼ = (Z/2Z) 2 , and is generated by σ y : (x, y, z) → (x, −y, z) and σ z : (x, y, −z). Let g be an element of G 0 . For any x 0 ∈ C, g ∈ G 0 restricts to an automorphism of the fibre of (x 0 : 1) (points where x = x 0 ). This curve being a smooth conic for x 0 = 0, the automorphism extends to a linear automorphism of the plane that contains it, which preserves the two points of C n and thus the line of equation w = 0 which contains these. In particular we can write g as (x, y, z) → (x, ay + bz + e, cy + dz + f ), where a, b, c, d, e, f ∈ C[x] and ad − bc = 0, and for any x = 0, the automorphism is affine and preserves the equation of the conic, so (4) x n−1 + x(ay + bz + e) 2 + (cy + dz + f ) 2 = λ(x n−1 + xy 2 + z 2 )
for some λ ∈ C[x] * . Computing the coefficients of wy and wz we find 2xae+2cf = 0 and 2xbe + 2df = 0. Subtracting b times the first one from a times the second one, we find 2(bc − ad)f = 0, which implies that f = 0. It implies that 2xae = 0 and 2xbe = 0, which yields e = 0. Comparing the constant terms of Equation (4) we find x n−1 = λx n−1 , hence λ = 1. The coefficients of y 2 and z 2 yield respectively:
Equation (5) implies that a, c are constant polynomials (otherwise the highest degree of xa 2 + c 2 would not vanish). It yields thus a 2 = 1 and c = 0. Equation (6) gives similarly b = 0 and d 2 = 1. This implies that G 0 = {id, σ x , σ y , σ x σ y }. Any element of G preserves the conic bundle and preserves the two special fibres, which are the fibres of (0 : 1) and (1 : 0). The action on the basis is thus given by x → αx for some α ∈ C * . Multiplying the automorphism by (x, y, z) → (λ 2 x, λ n−2 y, λ n−1 z)
where λ 2 = α −1 , we get an element of G 0 , so G = {(x, y, z) → (λ 2 x, ±λ n−2 y, ±λ n−1 z) | λ ∈ C * } ∼ = C * × Z/2Z.
Since F = F + ∪ F − is a fibre, and any automorphism preserves the boundary F + ∪ F − ∪ D n , the group G is the group of automorphisms that preserve F , or equivalently that preserve D n .
The self-intersections of the curves F + , F − , D n being respectively −1, −1, 3 − n, we see that G = Aut(D n ) for n > 4. For n = 4, one directly checks that τ : (x, y, z) → (− is an automorphism of order 3 of S dn . Since it does not preserves the conic bundle, it extends to an automorphism which permutes cyclically the curves F + , F − , D 4 of the boundary. This implies that Aut(S d4 ) = G⋊ < τ >.
